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KAISA MATOMAKI AND XUANCHENG SHAO 


Abstract. For a set of primes P, let '^{x\'P) be the number of positive integers n < x all 
of whose prime factors lie in V. In this paper we classify the sets of primes V such that 
'l>{x;'P) is within a constant factor of its expected value. This task was recently initiated 
by Granville, Koukoulopoulos and Matomaki and their main conjecture is proved in this 
paper. In particular our main theorem implies that, if not too many large primes are sieved 
out in the sense that 
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for some e > 0 and n > m > 1, then 




p<x 

p<tv 



1. Introduction 


Let P be the set of all primes and let R C P be a subset of the primes < x. We study the 
most basic sieving problem, wishing to estimate 

:= \{n<x-. p\n p G V}\ . 

In other words we sieve the integers in [1, x] by the primes in = (P fl [1, x]) \ V. A simple 
inclusion-exclusion argument suggests that 'L(x;R) should be approximated by 



This is always an upper bound, up to a constant, and a lower bound, up to a constant, if V 
contains all the primes larger than (see |5l Theorem 11.13] noticing that the sieving 

limit /5 = 2 for /? = !). On the other hand there are examples where T(x; V) is much smaller 
than the expected lower bound. For instance if one hxes u>l and lets V consist of all the 
primes up to x^/“, then the prediction is about x/u whereas, by an estimate for the number 
of smooth numbers, we know that \h(x; V) = p{u)x with p{u) = as u —>■ oo, which 

is much smaller for large u. 


KM was supported by Academy of Finland grants no. 137883 and 138522. 
XS is supported by a Glasstone Research Fellowship. 
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The first ones to study what happens if one also sieves out some primes from 
were Granville, Koukoulopoulos and Matomaki |6]. They conjectured that the critical issue 
is what is the largest y such that 


( 1 . 1 ) 
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More precisely, they conjectured that when this inequality holds, the sieve works about as 
expected. On the other hand they gave examples with 




1 

P 


1 — e 

u 


such that T(x;P) is much smaller than expected. 

Here we continue this study and show that the conjecture indeed holds. 


Theorem 1.1. Fix £ > 0. If x is large and V is a subset of the primes < x for whieh there 


are some 1 < u < v < 


log X 

1000 log logaf 


with 


Y. 

p&V 
<p<x^ ! 
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then 


T(a:;P) 
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X 




1 

1 - - 
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where is a constant with Ay = v ’'d+oe(i)) y qq. 

Ay = V~^ l/^-uCl + OeCl)) g^g y ^ _ 


If u is fixed, one can take 


Notice that when V consists of all the primes < I'", the conditions of the theorem 

are satisfied and an estimate for smooth numbers shows that 

X 

and hence the dependence of the constant Ay on v is close to best possible. 

Theorem 11.11 establishes the main conjecture of [H]. Granville, Koukoulopoulos and 
Matomaki [HI Sections 3-4] have reduced a slightly weaker form of the conjecture to an 
additive combinatorial problem similar to the following hypothesis. We will deduce Theo¬ 
rem 11.11 from Hypothesis A in Section 12.11 


Hypothesis A. Fix A G (0,1). Let N > v > u > 1 be such that N > (lOOn/A)^. If A is a 
subset of the integers in (^, such that 


1 1 + A 
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then there exists an integer k E [u, t] such that 


I { (fli,..., Ofc) G A.^N — k <Z tti a/^ ^ iV} I ^ Oiy 


1^ 

N 




where is a constant with = v as v ^ oo. If u is fixed and v > lOOOn^/A^, one 
can take k < e~^l'^v. 


Furthermore Granville, Koukoulopoulos and Matomaki [6] proved (a slight variant of) 
Hypothesis A for some large constant A and which implies Theorem 11.11 for 

some large constant e. Here we will prove Hypothesis A for every A > 0 which implies 
Theorem II. II for every e > 0. 

A crucial ingredient is the following result of Bleichenbacher [1] (see [HI Section 9] for the 
proof) which may be viewed as a qualitative continuous variant of Hypothesis A. 

Bleichenbacher’s Theorem. If u > 1 and T is an open subset of (0, for which 

f dt 1 

Jt&T t II 

then there exist fi, G, • • • Gfc for which ti + t 2 + ■ ■ ■ + t^ = 1. 


Actually we will use the following discrete variant of Bleichenbacher’s theorem which is a 
qualitative variant of Hypothesis A. 


Proposition 1.2 (Discrete Bleichenbacher). Let N > u > 1 and let A C {1,..., \_N/u\} be 
such that 
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Then there exists Oi,..., G A such that N — k<ai + -- - + ak<N. 


Proof. Notice hrst that the claim follows trivially if there is a G A such that a < \fN since 
in this case there is fc > \/N such that N — '/N < ka < N. Hence we can assume that 
AC{[^/]Vl,rx/]Vl+l,...,LiV/uJ}. 

Dehne T = (f, so that 



r{a+l)/N 

a(zA 


dt 
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a>|'v/]V] 



Then Bleichenbacher’s theorem implies that there are ti,... fik ^ T such that fi + - ■ -Atk = 
For each j there is ai. such that tj G {ai./N, (a*^ + 1)/AI). But then N — k < ai^ + ■ ■ ■ + ai^, 


N. 


1 . 

< 

□ 









4 


KAISA MATOMAKI AND XUANCHENG SHAO 


The proof of Hypothesis A splits into two cases according to whether much of the set A is 
contained in [N/uq,N/ u] for some Uq = 0(1) or not. In the hrst case Hypothesis A follows 
from an arithmetic removal lemma in a straightforward way, whereas in the second case we 
develop an analogue of the arithmetic removal lemma with a growing number of variables 
(see Theorem 13.41 below). which could be of independent interest. 

Acknowledgements. This work started when both authors were visiting CRM in Montreal 
during the analytic part of the thematic year in number theory in Fall 2014, whose hospitality 
is greatly appreciated. Thanks also to Ben Green for helpful discussions. 


2. Some initial reductions 


2.1. Deduction of Theorem 11.11 from Hypothesis A. As in [5], we first reduce proving 
Theorem 11.11 to proving a variant of Hypothesis A for the primes called Hypothesis P, and 
then show that Hypothesis A implies Hypothesis P. 


Hypothesis P. Fix A G (0,1). If x is large, 1 < u < v < and V is a subset of the 

primes in for which 

Z-s—, 

p u 
per ^ 

then there exists an integer k e [u, u] such that 


X 


1 ,... ,Pk) eV : -<pi---pk<x 


> TT,, 


X 


log X ’ 


where Tiy is a constant with vr^ = u for v oo. If u is fixed and v > lOOOu^/A^, one 
can take k < 


Proof that Hypothesis P implies Theorem M. 1[ We can clearly assume that £ < 1/1000. Let 
A = P n [1, x^/^] and B = V A so that 

T(a:;P) > T(a:;Pn [l,a:^/“]) > ^ T(x/a;H), 

a<x^/{5v) 

p\a => pGA 


since we can write any n composed only of prime factors from P fl [1, as n = a6 where 
a and b are composed only of prime factors from A and B, respectively. For each a < 
we have that 
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If (x/a)^/“ > a trivial estimate gives 
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Otherwise, Huxley’s prime number theorem for short intervals (see e.g. Theorem 10.5 in |H] 
and the subsequent discussion) yields, once x is large enough. 
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1 , loga;^/“ , / e 

^ 2log -— , , < -2log (1 


peP 


p ^log(x/a)^T 
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5v/ 2u 


Hence, in any case. 
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peB 


i>i±£Z£, 

p ~ u 


and applying Hypothesis P to the set B yields that there exists k G [u, n] such that 

X 


'^(x/a; B) > TTy 

where vr^ = for v ^ oo. Consequently 


av’^ log X ’ 
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E ^>5 n (i-0»5n(i-i 
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n^logx ' a v 
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P J V" 
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by P Lemma 2.1]. This gives the desired lower bound since k < v, and in case u is hxed, 
k < for large enough v. □ 

Proof that Hypothesis A implies Hypothesis P. Let p = 1 + ( ;^qqq^ ) ^ and N = log^a: — v. 
Dehne, for j > 0, 

1 e"^' 


T = 


{ae(Nlv,Nluy. V 

I V a J 


p&V 

p“ <p<p“’’"^ 


p a 

Let Jo = log and let jo be the smallest integer j > 0 for which 

( 2 . 1 ) 
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Notice that, since 
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^ — Jo 


E E E -- 

Z—/ p Z—/ p ^r p 

aSj4jp p&P p&V N/v<a<N/u xl/'“p“’'/“<p<a;l/“ 

p“<p<p“+l x^l'= <p<x^l'^ 


E 


1^1 + 2A/3 


u 


necessarily jo < Jo. Write A = Aj^. Then, by Huxley’s prime number theorem in short 
intervals. 


( 2 . 2 ) 
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Furthermore, since jo was chosen to be the smallest integer for which fl2.1l) holds, we get 
that 
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3-io+i 
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E E ' 
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30 




p SJqm’ 


p“<p<p“+i 


so that 


1^1 • 


N 


ev 3Jou nlogn u 
By (I2.2I1 . we can apply Hypothesis A to the set A which gives that, for some k < v (or in 
case u is hxed and v > lOOOu^/A^, k < 

|A|^ 


|{(ai,..., ak) gA \ N — k < aiak < A^}| > 


N ’ 


where 

Now for each solution to Oi + • ■ • + a*, G {N — k^ N] with ai,... ,ak G A, consider the 
primes pj G V with p°‘^ < pj < Note that for such primes pi - ■ -pk < p^~^^ < x and 

-2v 


Pi ■ ■ ■ Pk > ^ >xp = X I 1 + 
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lOOOn 


> x/2. 


Hence 
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^2eOA('=)(logi;)« 


= V as V ^ oo. 


□ 


2.2. Reduction of Hypothesis A to Hypothesis A*. In this section we reduce Hypoth¬ 
esis A (except for the last claim concerning the case u is fixed) into a variant where u x n. 
Let Mo = 3/A. We claim that, under the assumptions of Hypothesis A, there is some j such 
that 


N/ u)<a<N/ (uqu) 
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This follows since otherwise, summing over j > 0 we get that 

1 + A/3 1 + A 
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E- 

aeA 
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u{l - 1/mo) 


< 
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which is a contradiction. Hence, Hypothesis A, except for the last claim concerning the 
case u is hxed (which will be proved in Section [7]), follows if we prove the claim when 
A C [\N/u,N/u], i.e. if we prove the following hypothesis. 

Hypothesis A*. Fix A G (0,1). There exists a constant c = c(A) such that the following 
holds. Let N > u > 1 be such that N > (10m/A)^. Let A be a subset of the integers in 
(A—, —] such that 

Wi>—. 

a u 

aeA 

Then there exists an integer k G [u,u/X] such that 

|{(ai, ..., Ok) G A^ : A — fc<ai + -- - + afc< N}\ > 
where is a constant with = (c/ logw)*^ as m —>■ oo. 


N 


3. Proving Hypothesis A*: an outline 

Our main goal has become to prove Hypothesis A*, a quantitative variant of Proposi¬ 
tion 11.21 concerning the number of solutions to Oi = t for some hxed t. In 

Section [TT] we state some removal-type results in this spirit. When the number of variables 
k is bounded, this follows from an arithmetic regularity lemma of Green [7] . However, when 
k grows, the situation becomes different and we will prove the substitute Theorem 13.41 in 
Sections HHHl Hypothesis A* will be deduced from these results in Sections 13.21 and 13.31 

3.1. An arithmetic regularity lemma for popular sums. An important tool in graph 
theory is the triangle removal lemma, which can be proved using Szemeredi’s regularity 
lemma. Green [7] developed an arithmetic version of the regularity lemma, and deduced as 
a consequence a removal lemma in the arithmetic setting. 

Theorem 3.1 (Arithmetic removal lemma). Let k > 3 be a positive integer. Let G be a 
finite abelian group with |G| = N, and let Ai, ■ ■ ■ , A^ G be subsets. For any rj > 0 there 
exists a positive constant 6 = S{k,T]) > 0 such that the following statement holds. If the 
number of solutions to ai + ■■■ + Ok = 0 with a* G A^ for all i is at most then for 

each i there exists a subset A' C Ai with |Aj \ A'| < rjN, such that there is no solution to 
a\ + ■ ■ ■ + a'i. = It with a'i G A' for all i. 

By inspecting the proof, one notes that the construction of A' is translation-invariant, in 
the sense that ii Ai = Bi + t for some t & G, then one can take A' = B'- -|- t. Using this 
observation, the following extension of this arithmetic removal lemma quickly follows. 
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Theorem 3.2 (Removal lemma for popular sums). Let k > 3 be a positive integer. Let G be 
a finite abelian group with IG*! = N, and let Ai,- ■ ■ be subsets. For any rj > 0 there 

exists a positive constant S = d{k,r]) > 0 such that the following statement holds. For each i 
there exists a subset A[ C Ai with \Ai \ A'| < rjN, such that for each x E A'.^ + ■ ■ ■ + A'^, the 
number of solutions to ai + ■■■ + Ok = x with Oi G Ai for all i is at least 6N^~^. 

Proof. Define Afi--- , A), as in Green’s proof of the arithmetic removal lemma. Let x G 
A\ + ■ ■ ■ + A'^, and suppose that there are at most 5N^~^ solutions to ai + ■ • ■ + = a; 

with Qi G Ai for all i. Theorem 13.11 applied with the sets Ai, • • • , Ak-i, Ak — x, along with 
the observation made above about translation invariance, implies that there is no solution 
to a[+ ■■■ + a'l. = X with a' G A[ for all i, which is absurd. □ 

In other words, Theorem 13.21 asserts that, given a positive density subset A F G, all fc-fold 
sums can be made popular by removing a few elements from A, for any hxed k > 3. When 
k = 2, Theorem 13. II is trivially true whereas Theorem 13.21 fails (see [T7] for a construction of 
a counterexample using niveau sets). 

It was later observed in [TOldl] that Theorem 13.11 can also be deduced directly from the 
graph removal lemma, bypassing the arithmetic regularity lemma. In this way Theorem 
13.11 can also be generalized to deal with general linear equations using hypergraph removal 
lemmas; see [12] and references therein. On the other hand, in order to deduce Theorem 13.21 
it seems necessary to use the arithmetic regularity lemma due to the translation-invariance 
property required. Consequently, while [H Conjecture 9.4] is proved in [12], its extension in 
the spirit of Theorem 13.21 is still open. 

For subsets A in an arbitrary abelian group (not necessarily hnite), the following analogue 
of Theorem 3.2 can be deduced via a Freiman isomorphism. 

Corollary 3.3. Let k >3 be a positive integer. Let G be an arbitrary abelian group, and let 
Ai, - ■ ■ ,Ak F G be finite subsets. Let A = AiVJ ■ ■ ■ VJ Ak and assume that |y4 -|- y4| < K\A\ 
for some K > 1. For any rj > 0 there exists a positive constant 6 = 6{k,r], K) >0 such that 
the following statement holds. For each i there exists a subset A'- C Ai with \Ai \ WJ < ri\A\, 
such that for each x G A'.^ + ■ ■ ■ + A'^,, the number of solutions to ai + ■■■ + ak = x with Oj G Ai 
for all i is at least 5\Afi~^. 

Proof. By Freiman’s theorem, there is a Freiman isomorphism vr : A —)■ G of order k from 
A to a hnite abelian group G, with image 7^{A) = A, such that |A| = a|G| for some 
a = a{k,K) > 0. Let Ai = 7r(Ai) for 1 < i < k. By Theorem 13.21 applied to Ai,--- ,Ak 
(with p replaced by pa), there are subsets A[ C Ai with 1^4, \ A'| <pa\G\ = p\A\, such that 
for each x E A'^ + ■ ■ ■ + A'^, the number of solutions toUi + ■ ■ ■ Plik = x with a* G Ai is at 
least 6\G\^~^ for some 6 = 6{k, p, K) > 0. 

Now let A[ = 7T~^{A'f). Then \Ai \ A'f\ = \Ai \ A'f\ < p\A\. For any x E A'.^ + ■ ■ ■ + A'g., 
note that any solution to oi -|- • • • + a*, = 7i{x) with a* G Ai gives rise to a solution to 
ai + ■■■ + Ok = X with Qi = TT~^(di), and moreover different solutions to the former give 
different solutions to the latter. The desired conclusion follows immediately. □ 
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We expect some version of Corollary 13.31 to hold as k grows, and in this direction we will 
prove the following theorem. 

Theorem 3.4. For any K > 1 and rj > 0, there exist positive integers m = m{r], K) 
and i = i{ri,K) and a positive constant 6 = S{r],K) such that the following statement 
holds. Let A O G be a subset in a torsion-free abelian group G with |A + y4| < 

Then there exist an element z & G with z -L iA C [m i) A, and a subset A' A with 
\A'\ > {\—ri)\A\, such that for any positive integer k > i and any elementx G kA'-\-z, we have 
'i^{k+m)A{x) > {5\A\Y^'^~^, where rnA^x) denotes the number of solutions to ai + • —ha„ = a: 
with Oi, • • • ,an & A. 


In the following two subsections we will show how the removal lemmas can be used to 
prove Hypothesis A*, and the proof of Theorem 13.41 will occupy Sections SHHl To end this 
subsection, we give a rough sketch of the main ideas of the proof of Theorem 13.41 motivated 
by arguments in [II]- 

We shall hrst deduce a hlling lemma: from the removal lemma for popular sums with a 
hxed number of summands and work of Tao and Vu [IH] we deduce that there is a bounded 
m and a proper progression P such that AFP and mA (popularly) contains a translate of 
F, possibly after removing a small proportion of elements from A. 

Now write G for the convex hull of A, so that G F P. After shrinking A a bit, any 
element x G kA is then a popular sum in kG. We then use an induction and the Shapley- 
Folkman theorem (see Lemma [6. II below! to show that popular sums in kG are also popular 
in {k — 1)G + A {li G is slightly shrunk in an appropriate way). After doing this reduction 
enough times, we deduce that x is popular in rG + (fc — r)A, for some bounded r. The hnal 
task of hnding popular representations of elements in rG can be done through the hlling 
lemma described above since rmA popularly contains a translate of rG. In practice we need 
to be very careful to always guarantee popularity at each stage. 


3.2. Proof of Hypothesis A* for bounded u. We divide into two cases depending on 
whether u = Oa(1) or not. First suppose that u = Oa(1)- Since Theorem 13.21 is only 
applicable for k > 3, we need to do some initial preparations to handle the case where we 
would have k = 2. Write 


A' = {a e A: An {N - 2 - a, N - a] = H)}. 

If|A\A'| > |d|, the claim follows with/c = 2, so we can assume that |A\A'| < |A|. 

Then, by assumptions on set A, we have A' C [\N/u,N/u] and 


a&A' 


1 

- > 
a 



u 

Jn 


|A\ A'l > 


1 + 3A/4 

1 

u 


so that A' has density at least X/u on the interval [l,N/u]. By Corollary 13.31 we may hnd a 
subset A" C A' with |A' \ A"| < {^y\A'\, such that for any 3 < k < u/X and any x G kA'f 
we have 


( 3 . 1 ) 


{(oi, • • • , Ofc) G A^ :ai + -- - + afc—x}|>h|A|^ 
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for some 6 = 6{X,u) > 0. Since 


y - >y--^\A'\A" 

^ a~ ^ a XN' ' 

aeA" aeA' 


^ l + A/2 1 1 

>-> —I —-]= - 

U U y/N - 1 


by the lower bound for N , Bleichenbacher’s theorem (Proposition ll.2p implies that there 
exists a positive integer k and a[, - ■ ■ G A" such that N — k < a'l+ ■■■ + a'j^ < N . Note 
that we necessarily have k G [u, u/A], and by the choice of A', we must have k ^ 2. If /c = 1, 
the claim follows immediately. If /c > 3, then fl3.ip applied to a'^ + • • • + a'^ gives that 

- , ak ) e ■. N - k < ai + ■ ■ ■ + ak < N }\> 

as desired. 


3.3. Proof of Hypothesis A* for large u, assuming Theorem 13.41 For the rest of the 
proof assume that u > U for some sufficiently large U depending on A. Let us now prove by 
induction on j > 0 that Hypothesis A* holds when 2^U <u< Let A C (XN/u, N/u] 

be a subset with J2a&A a ^ (1 + A)/w. We wish to hnd a positive integer k G [u,u/X] such 
that 

(3.2) • • •) Ofc) & A^ ■. N — k < ai + ■■■ + ttk < iV}| > ^ ^ ^ 

for some c = c(A) > 0. In case j = 0, this follows from the work on case u = Oa(1) once c is 
small enough. 

Assume now that 2^U < u < 2^^^U for some j > 1. We shall study popular doubling in 
A, but hrst we need to hnd an appropriate notion of popularity. Write tq = 0 and 


ri = 


^i-10A4 


1^ 

|2A| 


for i > 1. For i > 0, let 

Bi = {n e 2A : ri < r 2 A(n) < rj+i}. 

Note that since = -A and r 2 A{n) < |A| for all n G 2A, the set Bi is empty for 

i > I = 2 log u — 1. Furthermore 


^ ^ ^ y ^2A(n) 

0<i<I 0<i<I ne2A 



A^|A|2 

29|2A| 


> 


ly 

4 ’ 


so that there exists a smallest positive index io such that 


\ B ■ \t ■ ^ 
1-^20 I ' 20 — 


512 logM 


We choose 

E = {(01,02) G A X A: r2A(oi + 02) > rij. 
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Now 

(3.3) |(/1 X .4) \ B| < 5^ |B.|r.+i < |B„|ri + 21og« • 2 • 

i<io ^ 


Write D = Ui>ig\Bi\ = A+A C (2XN/u,2N/u\. 

Let us first consider the case that |L*| > SN/u"^. Then 


E 


> \D\ 


u 


> 


l + A 

m/2 ’ 


and thus by induction hypothesis there is an integer k/2 G [m/2,m/( 2A)] such that 

^/2 |^| A :/2 


/ C \‘ 

, dk/ 2 ) £ : N — fc/2 < di + ■ ■ ■ + dk/2 E -A^}| > ( log u) 


N 


Hence, by the dehnitions of D and io, we have 


|{(ai,..., Ofc) G A^ : N — k < ai ttk ^ iV}| 

> |{(di,..., dk/ 2 ) £ '■ N — k/2 < di + ■ ■ ■ + dk/2 < -A^}| ■ i’*/ 



provided that c < 

Let us now consider the case that |L*| < 8N/u‘^. We need the following lemma. 


Lemma 3.5. Let {G, +) be an abelian group and let 6 > 0. If E (L Ax A satisfies 

\E\ > {1 - 6^)\A\^ and \A + A\<K\A\, 
then there exists a set A' C A such that 

U'l > (1-25)1241 and |24' + 24'|<--|24|. 

1 — 00 

Proof. This is a variant of the Balog-Szemeredi-Gowers theorem (see [121 Theorem 2.29]) 
which can be proved by incorporating the hint for [161 Exercise 2.5.4] to the proof of the 
Balog-Szemeredi-Gowers theorem in [T6l Section 6.4]. See also [6l Lemma 5.1] for a proof of 
a variant for A — A. □ 


E 

Since |24| > \N/u^ and |Z1| < 8N/u‘^, we have |24-f 24| < (8/A)|24|. Recall also fl3.3p . Thus 
Lemma 13.51 implies that there is a subset B A such that 

|5| > (1 - AV4)|24| and \B + B\ < {20/X)^\B\. 

Applying Theorem 13.41 to B with K = (20/A)^ and rj = A^/4, we obtain an element z 
with \z\ = 0\{N/u) and a subset B' O B with \B'\ > (1 — ri)\B\ satisfying the property that 
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whenever x G kB' + ^ for any positive integer k large enongh depending on A, there exists 
n e [/c, fc + Oa( 1)] such that rnsix) > 

Since B' C {XN/u, N/u], we have 


w 1 >wi- “ (|a\b| + |b\b'|)> 

XN^' ' ' ' ' ^ a XN 2 ' ' 

1 + A/3 


beB' 


iGA 


aeA 


^ 1 u N 1 ^ 

“ a XN 2 u a ~ 




asA 


U 


Recalling that \z\ = Ox{N/u), and writing N' = N — z and u' = u{N — z) /N, we have 


uz 


u' = u- — >u- Oa(1) > 



u 


provided that U is large enough. Hence 

1 1 + A/3 1 + A/6 1 1 

b U u' u' y/xX — 1 

b<N'/u' 


E 

bGB' 


Hence, by discrete Bleichenbacher’s theorem (Proposition [T2]), we hnd k and &i, • • • ,bk G 
B' such that 

N — z — k<bi + -- - + bk<N — z. 

Write X := bi + ■ ■ ■ + b^ + z G {N — k, N]. Now x G kB' + z and hence there exists 
£ G [k,k + 0(1)] such that risix) > {c\B\Y~^. Therefore, 

|{(ai, ... ,a£) G : N-£ < oiH - ha^ < N}\ > t^a^x) > resix) > (c|R|)^"^ > (c|H|/2)^"b 

This clearly implies fl3.2p . completing the proof of Hypothesis A*. 


4. The filling argument 

In this section we carry out the hrst step in proving Theorem 13.41 that of locating a proper 
progression P containing A such that mA hlls a translate of P for some bounded m. 

Lemma 4.1 (Filling lemma). For any K > 1, there exists a positive integer m = m{K) 
such that the following statement holds. Let G be a torsion-free abelian group, and let A G 
be a finite subset with |A + A| < K\A\. Then there is a proper progression Q of rank Ok{X) 
with size |Q| = Ok{\A\), such that A Q and g + Q X mA for some g E G. 

Proof. By Freiman’s theorem there is a proper progression P of rank d—1 = Ok{X containing 
A, such that |A| = a\P\ for some a 1. Thus for any positive integer i, we have 

\iA\ < \eP\ < i'^-^lPl < 

The hypotheses in [T51 Theorem 1.21] are then satished for i large enough depending on K. 
Hence there is a proper progression Q' of rank d' < d — 1, such that 

g P Q' X iA P g' P kQ', 
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for some constant k = k{d) and some g,g' G G. Hence the iterated snmset kiA contains a 
translate of kQ', which in tnrn contains a translate of A. Finally, by m Corollary 1.11] we 
may hnd a proper progression Q containing kQ', snch that Q is contained in jkQ' for some 
3 = 3 {d). Tims for m' = jk£, the iterated snmset m'A contains a translate of Q, which in 
tnrn contains a translate of A. Since d = OkQ) and i,j, k = we have m' < m for 

some integer m depending only on K. Clearly the claim holds for this m. □ 

Combining the previons lemma with Corollary 13.31 we obtain the following Filing lemma 
for popular sums. 


Lemma 4.2 (Filling lemma, popularity version). For any K >1 and rj G (0,1/2), there 
exist a large positive integer m = m{K) and a small positive eonstant 6 = 6 {K,t]) such 
that the following statement holds. Let A F G be a subset in a torsion-free abelian group 
G with |y4 + y4| < Then there exist a proper progression P of rank OxQ) with size 

\P\ = Ok{\A\) and a subset A' F A with \A'\ > (1 — g)\A\ and A' C P, such that mA' 
popularly contains some translate of P. That is, for some g E G we have VmAQ) > 5\A\^~^ 
for any x E g + P. 

Proof. Let m = m{2K) be the constant from Lemma [4.11 By Corollary 13.31 there is a subset 
A' A with \A'\ > (1 — f])\A\ such that, for each x G mA' we have r^Ai^) > 6\A\"^~^ for 
some 6 = 6{K,g) > 0. Since \A' + A'\ < 2K\A'\, Lemma [4.11 implies that there is a proper 
progression P of rank OxQ) with size \P\ = Ok{\A\), with the properties that A' <E P and 
g P F mA' for some g E G. For each x E g P we then have x E mA', and hence 
rmA{x) > as desired. □ 


Remark 4.3. It is a standard result in additive combinatorics that 3A contains a large pro¬ 
gression P of small rank. Here we require the extra condition that A is (essentially) contained 
in a translate of P. A similar result is proved in |TTl Lemma 2.5], but it is not enough for 
us to deduce Theorem 13.41 

When G = Z and A lies densely inside an interval. Lemma 14.21 can also be proved by a 
Fourier analytic argument (see [21 Lemma 8.5]). 

Via the Filing lemma iLemma 14.2p . Theorem 13.41 reduces to the following proposition. 

Proposition 4.4. For any a,ri > t) and d E N, there exist a positive integer i = i{a,d,T]) 
and a small positive constant S = 6{a,d,T]) such that the following statement holds. Let 
P = ([— Vi, A^i] X • • • X [—Nd, Vrf])nZ'^ be a box for some positive integers W, • • • , Nd, and let 
A C P be a subset with |A| > a|P|. Then there exists a subset A' A with \ A'\ > (1 — p)|A| 
with the property that, for any positive integer k > £ and any element x E kA', there are at 
least {S\A\)’^~^ ways to write x = y ai Ok-i with y E £P and Oi, • • • , Ok-e G A. 


Proof of Theorem \3.4\ assuming Proposition \4.4\ First note that if Theorem 13.41 holds for 
some subset A, then it also holds for any translate of A. From the Filing lemma iLemma 14.2p . 
we obtain a subset Ai O A with |Ai| > {1 — ri/A)\A\ and a proper progression P of rank 
d = OkQ) with size |P| = Ok{\A\), such that Ai C P and nAi popularly contains a 
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translate of P for some n = n{ri, K). By translating A appropriately, we may farther assnme 
that P is symmetric. 

Let TT : —)■ G D P be the Freiman homomorphism mapping the standard basis vectors 

in JA to the generators of P. Since P is proper, the map gives a bijection between the box 
7 r“^(P) and P. Write P = 7 r“^(P) and Ai = 'k~^{Ai). Applying Proposition 14.41 to the box 
P and the snbset Ai, we obtain a positive integer £ = i{r],K) and a snbset A' C Ai with 
\A'\ > (1 — 17 / 2 ) I All, snch that for any k > i and x G kA', the nnmber of ways to write 

(4.1) x = y + ai^ - \-ak-e 

with y E iP and ai,--- ,ak-£ G Ai is at least ((5|A|)^“^, for some positive constant S = 
6{7],K)>0. 

Let A' = 7 r(A'). Clearly |Ai \ A'| = |Ai \ A'| < {r]/2)\A\, and thus |A \ A'| < r^lAj. 
Moreover, for any k > i and x G kA', we may hnd x G kA' such that 7i{x) = x. Via the map 
TT, each representation for x of the form fl4.1|) gives rise to a representation x of the form 

(4.2) X = y + ai-\ -h ak-e 

with y E iP and Oi, • • • , Qk-i G Ai. Hence there are at least (5|A|)^“^ such representations 
for X. 

Recall from the output of the hlling lemma that nAi popularly contains a translate of P. 
It then easily follows (for example from [Gj Lemma 5.3]) that 2inAi popularly contains a 
translate z + iP for some z E G. Thus each representation for x E kA' of the form fl4.2l) 
gives rise to at least ((5|A|)^^”“^ ways to write z P x as a. sum of 2^n + {k — t) elements of A, 
sincG 

r2£nA{z + y) > (hlAI)^^'^"^ 

if (5 > 0 is small enough. We conclude that for any k > (. and x E kA', we have 
ri2in+k-i)A{z + x) > {5\A\f-\5\A\f^''-^ = 

This shows that Theorem 13.41 holds with this choice of ^ and with m = (2n — l)^. □ 

We will prove Proposition 14.41 in Section [G] using geometrical ideas, after establishing some 
preliminary lemmas in Section O 

5. Auxiliary results about convex bodies 

Notations. In this section and the next, we use normal letters such as A, C, P to denote 
subsets of Z'^, and boldface letters such as C, P to denote convex bodies in M'^. For t > 0, 
we use tC,tP to denote dilations of convex bodies in the usual manner. 

The aim of this section is to prove two intuitive properties of convex hulls of positive 
density subsets A of large boxes P in Z'^. The first one. Lemma 15.31 says that, for some 
constant e > 0 (depending only on the density of A and on the dimension), the convex 
hull of A contains a translate of a small dilate of the convex hull of the box. The second 
one. Lemma 15.41 states that most lattice points in the convex hull of A are away from the 
boundary of the convex hull. 
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Before stating and proving these, we state two auxiliary results which will be used in the 
proofs of the two lemmas. 


Lemma 5.1. For any a > 0 and positive integer d, there exist constants Nq = No{a, d) and 
c = c{a, d) such that the following statement holds. Let P = [— Ni] x • • • x [—N^, iV^] be 
a box in for some positive integers iVi, • • • ,Nd>NQ, and let P = P H . Let A P be 
a subset with 1^41 > Q!|P|, and let C C 6e the convex hull of A. Then vol{C) > c\P\. 

Proof. We can clearly assume that a < 1/100. Write Mj = and let us split the box 

P into Ml ■ ■ ■ Md hbers 

Pii,...,id = {(^1) • • •) ^d) E P: Xj = ij (mod Mj)} with 0 < ij < Mj for each 1 < j < d, 

and write = AA For some A,... ,id we must have By 

the natural bijection 


P- Piu.. 




d 


-n 

i=i 


T 

1 

<s>. 

_1 


- h 

1- 

5 

-1 

-1 

_1 


nz'^ 


=: P' 


(Xi, ...,Xd)^ 


fxi-ii Xd-id\ 

V Ml ’•••’ Md ) 


we can map the corresponding hbre into the box P' which has bounded sidelengths. Write 
B for the image of and write Li, • • • , for the side lengths of P'. By our choice of 

Mj', we have Lj > a~^ for each j, once Nq is large enough in terms of a. It follows that 


d 


B\ > a\P'\ > max 
j 


n T 


Thus B cannot be contained in any d — 1-dimensional hyperplane, and so B contains d -|- 1 
points generating a non-trivial simplex A, whose volume is at least 1/d! since its vertices are 
lattice points. Hence p~^{A) has volume at least 


1 


d 

n 

i=l 


\p\ 


and the claim follows since, by convexity, p ^(A) C C. 


□ 


Theorem 5.2 (John). Let C C 6e a convex body. There exists an invertible linear 
transformation T : R'^ ^ R'^ and a point xq G C such that 


Bd<TT{C- xo) C dBd, 


where Bd is the unit ball {(xi, • • • , Xd) : x^ + ■ ■ ■ + x"^ < 1}. 


Proof. See [T6l Theorem 3.13]. 


□ 
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Lemma 5.3 (Large boxes inside convex sets). For any a > 0 and positive integer d, there 
exist Nq = 7Vo(a,(i) > 0 and (3 = (3{a,d) > 0 such that the following statement holds. Let 

P = [— iVi] X • • • X [—Nd, be a box in for some positive integers Ni, ■ ■ ■ ,Nd> Nq, 

and let P = P n Let A C P be a subset with 1^41 > a\P\. Let C C 6 e the convex hull 

of A. Then xq + /9P C C for some xo G Z'^. 


Proof. Since iVi, • • • , are large enongh, Lemma [5.11 implies that 

vol(C) > CN 1 N 2 ■■■Nd 

for some positive constant c = c{a, d). Now apply John’s theorem to C to obtain an invertible 
linear transformation T : —>■ and a point Xq G C snch that 


BdPT{C - Xo) C dBd. 

In particular, we have 

T-\Bd) FC-XoC2P, 

and thus T“^(ej) G 2P for the standard basis vectors ei, • • • , e^, so that the (i, j)-entry of 
T~^ is 0{Ni) for each 1 < i, j < d. Moreover, we have 

(detT)(vol(C)) = vol(T(C — xq)) < vo\{dBd), 

so that detT |P|“^ and detT“^ 3> |P|. 

Now consider the (i,j)-entry of T. The bounds on the matrix entries of T~^ imply that 
the determinant of the (j, i)-minor of T~^ is 0{\P\/Nj). It follows that the (hj)-entry of T 
is bounded in absolute by 

^ (detT-i ■ i^) 

It follows that ||T(x)||oo -C 1 for any x G P. Hence T(P) C (3~^Bd for /J > 0 small enough. 
This implies that fLP C T~^{Bd) and thus Xq + /5P C C as desired. 

Finally, to ensure that xq G Z'’*, we may replace (3 by (3/2 and note that xq + (/9/2)P 
contains a lattice point for any xq G M'’*, once Nq is large enough. □ 



Lemma 5.4 (Lattice points near the boundary). For any [3,7] ^ (0, 1) and positive integer 
d, there exist Nq = No{d,/3,ri) > 0 and 7 = '^{d^rj) > 0 such that the following statement 
holds. Let P = [—iVi,A^i] x ••• x [—Nd,Nd] be a box in for some positive integers 
Ni, ■ ■ ■ ,Nd>No. Let C C P be a convex body, and assume that f3P C C. Let C' = (1— 7 )C. 
Then |(C\C')nZ'^| <7]^vol{C). 

Proof. Choose 7 = 'y{d, 7 ) so small that (1 + 7 )^ — (1 — 2’j)^ < 7 , and let X = (C \ C') fl Z'^. 
Let B C be the unit box [—1/2,1/2]'’*. Note that 

lJ(x + B) C (C\C') + B. 

x&X 

Since the union above is a disjoint union, we have 

|X| <vol((C\C') + B). 
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The volume above is at most 

vol(C + B) - vol({x G C' : X + B C C'}). 

If Nq is large enough depending on /3 and 7, then B C 7/?P and thus B C 7C. It follows 
that 

|X| < vol((l + 7)C) - vol((l - 27)C) = [(1 + 7)'=' - (1 - 27)'='] vol(C) < 7 • vol(C), 
by our choice of 7. □ 


6. Proof of Proposition 14.41 

Recall the notations from the beginning of Section |5l The following result of Shapley and 
Folkman resembles a simpler and non-popular version of what we wish to prove. 

Lemma 6.1 (Shapley-Folkman). Let d be a positive integer, let B C and let C be the 
convex hull of B. For any integer k > d, one has 

kC = dC + {k- d)B. 

Proof. See e.g. [U Appendix 1] or |31 Corollary on page 435]. □ 

In order to extend the previous lemma to popular representations, we need to introduce 
some notation. 


Definition 6.2 (e-regular subsets). Let P = [—A^i, A^i] x • • • x [— N^] be a box in R'^ for 
some positive integers • • • , Nd, and let P = P fl and P^ = eP fl for e > 0. A subset 
A C P is called e-regular, if for each a & A the small box a -|- Pg centered around a contains 
at least e|Pg| elements in A. 

Lemma 6.3 (Regularization). Let P = [—A^i, A^i] x • • • x [—A^^^, Nd] be a box in for some 
positive integers Ni, - ■ ■ , Nd, and let P = P nlA. Let A F P be a subset with |A| = a|P| 
for some a > 0. Let p > 0 be real. For any e G ( 0 , 07100 “'^), there is an e-regular subset 
A' C A with |A'| > (1 — 7 )|A|. 


Proof. Let Pg/2 = (e/2)P fl Z'^, so that the side lengths of Pg/2 are precisely 2[eA^i/2j -|- 
1, • • • , 2[eA^"d/2j -|- 1. Cover P by at most 


n 


2Ni 1 

2[eNi/2\+l 


d 

< 10“^ JJmin(A'i,e-^) 

i=l 


translates of Pe/ 2 - Dehne A' by removing from A those translates containing at most e|Pg| 
elements of A. Then A' is ^-regular by construction, since any a E A' lies in a translate of 
Pg/2 containing at least e\Ps\ elements of A', but this translate of Pg/2 is contained in a-|-Pg. 
Moreover, since 

d 

e|Pg| < n max(£Aj, 1), 

i=l 
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the number of elements in A \ A' is at most 

d 

100‘^e min(A^i, max(£iVi, 1) < 100‘^£|P| <'r]\A\, 

i=l 

as desired. □ 


Proposition 6.4 (popular Shapley-Folkman). Let P = [— Ni] x • • • x [—iV^, Nd] be a box 
in for some positive integers Ni, - ■ ■ , Nd, and /et P = P Let A P be a subset. Let 
C C'R‘^ be the convex hull of A, and assume that xq + (3P C C for some xq G and ft > 0. 
Let C' = (1 — 7)0 + 70:0 for some 7 G (0, l/{d + 2)). If A is e-regular for some e < ftj, then 
for each positive integer k > d and any element x G (A: + 1)0', there are at least 6\P\ ways 
to write x = y + a for some y G kC and a E A, where 5 = 5{d,e) > is a positive constant. 


Proof. By translation we may assume that xq = 0, so that ftP C O and O' = (1 — 7 ) 0 . Let 
X E {k + 1)0' be for some k > d. Write x = (A: + 1)(1 — 7 ) 2 ; for some 2 ; G O. Note that 

X = [k — d — 'y{k + 1))2; + (d + l)z = (k — d — 'y{k + 1))2; + dw + a 


for some a E A and ta G O, by the Shapley-Folkman theorem f Lemma 16. ip . We thus get a 
solution X = y a with 

y = {k — d — 7 (A: + l))z + dw. 


We claim that 


(6.1) y + P.CkC. 

If this claim is true, then any t E P^ with a — t E A gives rise to a representation 

X = {y -It) + {a -t) 

with y -\-1 E kC. By the ^-regularity of A, there are at least e\Ps\ such elements t, leading 
to at least 

e\Pe\>e<^^^N,---Nd>5\P\ 

representations for some constant d > 0 depending on d and e, as desired. 

To prove (16.111 . take any t E eP. Since (IP C O and e < /Sy, we have eP C 7 O, and thus 
t E 7 O. Hence 

y + tE{k-d-j{k + 1))0 + dO + 7 O C A:(l - 7)0 = kC, 
as desired. □ 


Now we are hnally ready to prove Proposition 14.41 

Proof of Proposition \4.4\ Let ft = mmd><dft{o:ri/S,d') > 0, where ft{-,-) is from Lemma 
15.31 and let 7 = min{l/(d + 2), minrf/<d 7 (d', 7 / 4 )} > 0, where 7 (-, •) is from Lemma [531 
Let Nq be the maximum of the constants maxd'<dNo{ci'r]/8,d') from Lemma 15.31 and 
ma.Xd'<d No{d', ft,ri/4:) from Lemma 1531 

Without loss of generality we may assume that Ni, - ■ ■ , Nd> > Nq and Nd>+i, ■ ■ ■ ,Nd<No, 
for some 0 < d' < d. We may also assume that d' > 0 since otherwise |H| is bounded and 
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the conclusion is trivial. Let P' = [—x • x [—iV^/, all of whose side lengths are 
at least 2Nq + 1, and let P' = P' n . We can partition P into J < (2iVo + 1)'^“'^' smaller 
boxes Pi, • • • , Pj, with Pj = P' x {tj} for some tj E . For each 1 < j < J, let Aj C P' 
be the set of a G P' with (a,fj) 6 A. Let J be the set of indices j with \Aj\ > {r]a/A)\P'\. 

Let £ G (0, (3'-)) be small enough depending on a, d, rj. For each j G JT”, Lemma lOl applied 
to Aj C P' implies that there is an £-regular subset Bj C Aj with \Aj \ Pj| < {ri/4:)\Aj\. 
Let Cj C be the convex hull of Bj. Lemma 15.31 applied to Bj and Cj implies that 
Xj + /9P' C Cj for some Xj G . 

For each j G JL, we may thus apply Proposition 16.4l to Bj and Cj to dehne C'- and conclude 
that for any k > d and x G (fc + l)C'-, there are at least S'\P'\ ways to write x = y + b for some 
y G kC'j and b E Bj, where S' = S'{d, e) > 0 is a constant. This number of representations is 
at least 5|y4| for S = S' /J. 

Now for j E J we write A'j = {Bj fl C') x {tj} and let A' = UjfzjA'j. To hnish the 
proof, we show that the conclusion of Proposition 14.41 holds with this choice of A' and 
^ = d{2NQ + 1)'^ > dJ. Indeed, let k > i and x E kA' be arbitrary. Assume that 

j&J 

where Xj G kj{Bj Pi C' ) and ^ kj = k. We may choose ij E [min{d, kj}, kj] for j E J such 
that Yl For those j E J with kj > d, by iterating the output of Proposition 16.41 

we see that the number of ways to write Xj = yj + bj^i + • • • + bj^kj-ij with yj G f'jC'- 
and bj^i,--- ,bj^kj-£j £ Bj is at least {S\A\)^^~^k For those j with kj < d, we necessarily 
have ij = kj and the statement above holds also. Hence we obtained at least {S\A\)^~^ 
representations 

^ ) 

j&J j&J l<i<kj-ij 

of the desired form, since ^ each {bjj,tj) E A. 

To show that A \ A' is small, observe from our constructions that 

\A \ A'l < ^ 1.4,1 + |4, \ B,| + l(V \ C') n z"!, 

j(tJ jej jej 

By the dehnition of JT”, the hrst sum above is bounded by {r]a/4:)\P\ < {'q/A)\A\. By the 
construction of Bj from regularization and Lemma 15.41 both the second and the third sums 
above are bounded by Yjej{'nl^)\^j\ ^ (h/4)|A|. This shows that |A\ A'| <rj\A\, complet¬ 
ing the proof. □ 

As shown in Section 01 Proposition 14.41 implies Theorem 13.41 Hence, as shown in Section [3l 
this hnishes the proof of Hypothesis A*. As shown in Section [2] this implies Hypothesis A 
and Theorem 11.11 except for the last claims concerning the case u is hxed. 
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7. Case u is fixed and v > 1000m^/A^ of Hypothesis A 

In this section we deduce the last claim of Hypothesis A from the first part of Hypothesis 
A and the arithmetic removal lemma. Note that by Hypothesis A*, we know that the hrst 
part of Hypothesis A actually holds for N > (30n/A)^. 

We can assume that N is large enough depending on u and A, since otherwise the claim 
follows trivially from the discrete Bleichenbacher theorem fProposition II■2p . Notice hrst that 
we can assume that, for every u' G [1, one has 


(7.1) 


1 

- < 

asA 

A/e-l/“D<a<A/M' 



1 + A/2 


since otherwise the claim follows immediately from the hrst part of Hypothesis A. Notice 
also that 


(7.2) 


(l-^)N<a<N/u 


1 A 
- < —• 
a 4u 


Indeed, this is trivially true if u > (1 — A/8)“^, and if m < (1 — A/8)“^ < 8/7, then each 
summand is at most 8/{7N) and there are at most XN/8 + 1 summands. Using these we 
obtain that 


1 

- > 

aeA 

^N<a<il-^)N 



aeA 

N/v<a<N/u 


1 

a 


1 

, a 

N/v<a<N/e-^/'^v 



E 

asA 


1 

a 




1 + A l + A/8 A ^ ^ 

u u Au Au ~ Au 


E 

{l-^)N<a<N/u 


1 

a 


where we used fl7.ip to bound the third sum. This implies that 


(7.3) 


|A'| := 


A n 


—N < a < fl - - ] N 
8u - \ 8 


8u Au 


since A and u are hxed. Then, by the removal lemma for popular sums (Theorem 13.2p . there 
exist 6 = (5(A) and A" C A' such that \A''\ > (1 — A^/(1000m^))|A'| and, for all positive 
integers k < 8u/X, VkA'A) > for every n G kA”. 

Assume hrst that for some k^ G {1,..., [8m/ AJ}, 

(7.4) |B| - \KA’ n 10.65/V, (1 - A/40)/V]| > 
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Let b E B. Writing N' = N — b, v' = v{N — b)/N and u' = e — b)/N, we have, 

by (HH), 

-= y -> y -- y - 

, a a a a 

aeA a&A aeA aeA 

N'/v'<a<N'/u' N/v<a<N/e-~^/'^v N/v<a<N/u N/ e-^/'^v<a<N/u 

^l + A_l + A/2_ A ^2 

~ u u 2u ~ u' 

since v > 1000«^/A^. 

Note also that N' = Nv'/v > {lOOv/X^v'/v > 30n'^/A^ since v > v'. Hence we can apply 
the hrst part of Hypothesis A with N', u', v' obtaining that there exists ki <v' < 0.35n such 
that 



M |fci 

|{(ai,..., OfcJ G \ N — b — ki < ai + ■■■ + ciki < A^ ~ &}| ^ <^v> ^ > 

where a'^, > 0 is a constant with a'^ = n“°h) as n —)■ cx). Write k = ki + ko < 0.35n + 8u/X < 
We get that 


|{(ai,..., ttk) E : N — k < ai (Ik ^ A^}| 

> rkpA' jb) ■ |{(ai,... ,afcj E A’^^: N - b - ki < ai-\ - \- ak^ < N - b}\ 


beB 


> 


N ■ ■ a'J-^ > a 


10000^3 


N 


N ’ 


where a,, = 


a3 


• 6a'„, = V as n —)■ cxd. 


10000^3 

Consider now the case that (17.41) does not hold for any ko < 8u/X. Write 


D = A” n 




N,0.65N 


Then | A" \ iA| < since every a E A" \D produces some koa counted in fl7.4p for some 


ko < 8u/X. Since \A"\ > |A'|/2 > by fl7.3p . we have 

(7.5) 


\2 \2 \2 
D\ > -—N - -N > - -N. 


64^2 


1250^2 


100^2■ 


In particular D is non-empty. Since A" C [N/v, N/u], we must have u < 2.1. From the 
bound 


|A'\Z1| < |A"\I1| + |A'\ A"| < 


A^AT 

500^2’ 






















22 


KAISA MATOMAKI AND XUANCHENG SHAO 


together with fl7.2p we get 

1 

a - XN 
A 


E E 

asA 


+ 


E 


-N<a<N/u 


{l-^)N<a<N/^ 


(j--^)N<a<0.65N 


1 

a 


A n A 

Let d e E> and write now N’ = N - d,u’ = ^ ■ ^ and v' = Then 


E 


E 


asA asA 

N'/v'<a<N'/u' Ar/(1.9i;e-i/“)<a<AA/(8u) 


A N 
1 
a 


> 


E - 


E 


a^A A^/i;<a<max{A^/i;,7V/(1.9'ue 

N/v<a<N/u 


E i 


a£A 

■^N<a<N/u 


> + miniO, log(1.9e-^/“)} - 0{1/N) - 0.3 - 0.27 ■ - 

u u 

> minilog 1.9, l/u] - 0.32 + 0.73 ■ - > 0.73 ■ - > ^ 

u u u 

where we used u < 2.1 and u' > 2u/\ in the last two steps. Note also that N' = 
A^n'/(1.9ne“^/“) > (100n/A)^n'/(2n) > (30n'/A)^ since v > v'. Hence we can now apply 
the hrst part of Hypothesis A with N', u' and n', to obtain ki < v' such that 


|{(ai, ..., cifej^) G N — d — ki <cii + -- - + cik^ E A^ — d}| > c/^i 


, 1^1 


fci 


N ’ 


where a'^, > 0 is a constant with a'^ = v as n oo. Write k = ki + l<v' + l< 
0.98e“^/“n + 1 < We then get 

|{(ai,..., Ofc) G : A^ — fc<ai + -- - + afc< A^}| 

> ^ |{(ai, ■ ■ ■, dki) £ : N — d — ki < Oi + ■ • ■ + < A^ — d}| 

deD 

A2 , Ul^i lAI^ 

> - -N ■ a[j —> tt 


100^2 


N 


N ’ 


where ■ a'^, = v as n ^ cx). 
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